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ABSTRACT: Gels of atactic polystyrene (aPS) in carbon disulfide were formed in the temperature range 
from 0 to -100 “C. The shear modulus was measured as a function of temperature, concentration, and molecular 
weight, and a master curve of the data was constructed. The modulus vs. temperature behavior of the aPS 
gels resembles that  of un-cross-linked polymers in the rubbery plateau regime. It is proposed that physical 
associations act as cross-links and impart elastic properties to the gel network. A molecular weight between 
associations of 2700 was obtained by using rubber elasticity theory and a simple chain end correction factor 
for aPS gels of 200 g/L concentration in the plateau region. This defines the minimum molecular weight 
required for gel formation at this concentration. A more refined statistical approach that  accounts for the 
polymer not included in the network gave a value of 5000. The molecular weight of the chain segment between 
associations increased as the temperature approached Tgel in a manner that was independent of molecular 
weight. 

Introduction 
Thermoreversible gels of atactic polystyrene ( a P S )  can 

be formed with a variety of solvents.’ In contrast to 
thermoreversible gelation of crystallizable polymers, where 
the crystals themselves act as junctions leading to a net- 
work, the subject of a recent review by Keller? none of the 
current theories concerned with the nature of physical 
associations involved in network foundation can account 
for the observed gelation of aPS. Unlike gels of isotactic 
polystyrene (ips) and other crystallizable polymers, aPS 
forms equilibrium gels with equivalent and time-inde- 
pendent gel formation and gel “melting” temperatures.’~~ 
The reported heats of formation of 6-26 kJ/mol for aPS 
gels are significantly lower than 113 kJ/mol observed for 
iPS gels.’ Chain entanglements are not required for gel 
formation since gels can be formed from aPS of molecular 
weight well below the entanglement molecular weight of 
polystyrene,’ although entanglements do appear to increase 
the stability of aPS g e h 4  Chain overlap is required for 
gelation, as inferred from the critical gelation concentration 
for each molecular weight.’ The shear moduli, approxi- 
mately 1 kPa, of aPS gels close to Tgel are comparable to 
the moduli of gels formed from crystallizable  polymer^.^ 

Several authors have discussed the gelation mechanism 
of a P S  solutions. Wellinghoff and co-workers3 suggested 
that gels are formed through a microphase segregation 
process in which finely dispersed polymer domains act as 
network junction points. “Melting” of the network occurs 
when the temperature exceeds the T, of the domains. Tan 
and co-workers’ suggested that Tgel is not related to T 
since Tgel values are in a range 100 O C  above the predicted 
Tg. Two possible gelation mechanisms, chain stiffening 
and physical associations between chain segments, were 
hypothesized in this work. Boyer and co-workers4 related 
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Tgel to the fusion flow temperature observed in polymer 
melts, a T > Tg phenomenon caused by melting of physical 
associations. These studies give a detailed characterization 
of the sol-gel transition and have raised interesting 
questions as to the mechanism by which a stable network 
of a noncrystallizable polymer can form in solution. In this 
study of the gel state, the effects of temperature, concen- 
tration, and molecular weight on the gel modulus are as- 
sessed. The results are compared with the predictions of 
conventional elastic behavior. 

Experimental Section 
Narrow disperse aPS (M,/M, < 1.2) samples ranging in mo- 

lecular weight from 2000 to 900000 were obtained from Pressure 
Chemical Co. Carbon disulfide (CS,) was reagent grade and 
distilled over phosphorous pentoxide prior to use. The freezing 
point of CS2 was measured a t  -110 “C. The concentration of the 
aPS solutions is given in grams of polymer per liter of solution. 

Simple shear tests were performed on gels as a function of 
temperature, molecular weight, and concentration. Solutions were 
introduced into a coaxial cylinder instrument shown schematically 
in Figure 1, and gels were formed in situ by lowering the tem- 
perature of the apparatus. Stress-strain measurements were 
conducted by attaching the inner cylinder to the crosshead of a 
standard Instron tensile testing device. The outer glass cylinder, 
a glass vial, remained stationary, while the inner cylinder, a glass 
rod, was displaced in the vertical direction. A strain rate of 50% 
per minute was used. 

Single-point measurements of the shear modulus were per- 
formed by attaching the center cylinder to a modified analytical 
balance. Loads (0.001-60 g) were applied and deflections ap- 
proximately of 0.05 mm were measured with a precision of 0.003 
mm. Deflections were measured a t  an elapsed time of 10 s. For 
this coaxial geometry, the shear modulus, G ,  is given by 

(1) 

where P is the load, x is the deflection, L is the depth of the rod 
in the gel, and r’ and r” are the inner and outer cylinder radii, 
respectively? The value of In r”/r‘was 1.64, and L was 17 mm. 
The temperature of the gel was varied from +25 to -100 “C (fl 

- _  

G = P In (r”/r’)/ZaLx 
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Figure 1. Geometry of coaxial shear apparatus. 
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Figure 2. Effect of temperature on the shear stress-strain be- 
havior of 500 000-MW aPS at a concentration of 200 g/L in CS,. 

"C) by a thermostated cooling jacket. Measurements of G were 
performed by cooling the gel to  the desired temperature, allowing 
the gel to equilibrate for 10 min, and applying the load. 

The tensile stress component at the end of the rod was eval- 
uated by measuring G at four different rod depths. The differ- 
ences among the G values were within experimental error (*5%). 
It was therefore assumed that this tensile effect was negligible. 

Results 
The shear stressstrain behavior of a 5OOOOO-MW atactic 

PS gel at  three temperatures below Tgel (T,,, = 0 "C') is 
shown in Figure 2. The shear modulus, calculated from 
the initial slope of the curves, increased from 1 kPa at  -20 
"C to 30 kPa at -40 "C and to 118 kPa at  -98 "C. The 
observed linear deformation to high strains is typical be- 
havior for dilute At -98 "C the stress-strain re- 
sponse remained linear up to fracture, while a t  -40 and 
-20 "C a yield point was observed at  approximately 80% 
of the fracture strain. Fracture of the gel occurred per- 
pendicular to the glass surfaces near the rod tip. No de- 
bonding of the gel from the glass surface was observed. 

The single-point shear modulus method was used to 
examine the effect of concentration and molecular weight 
on the shear modulus. The stresses and strains measured 
by this technique are indicated by the circles in Figure 2 
to show that they are well within the linear response region 
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Figure 3. Effect of concentration on the modulus temperature 
behavior of 5ooOOO-Mw aPS gels in CS2. The solid points indicate 
the gelation temperature reported by Tan et al.' 
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Figure 4. Effect of molecular weight on the modulus temperature 
behavior of aPS gels with a concentration of 200 g/L in CS2. The 
solid points indicate the gelation temperature reported by Tan 
et a1.l 

of the gels. Modulus values evaluated from the stress- 
strain curves and the single-point method were identical 
within experimental error. In Figure 3 are plotted modulus 
values for 5 concentrations of 500 000-MW aPS in CS2 as 
a function of temperature. The modulus-temperature 
curves are similar in shape for all concentrations. As the 
temperature decreases below the gel point (as indicated 
by the solid points on the temperature axis), the modulus 
increases rapidly over a 40 "C temperature range and then 
levels off a t  a value that depends on the concentration. 
Modulus values below -100 "C  were not recorded since the 
freezing point of CS2 is -110 "C. Although the shape of 
the modulus-temperature curves is the same for all con- 
centrations, decreased concentration resulted in reduced 
modulus values at  all temperatures. The lowest concen- 
tration examined, 12.5 g/L, is just above the critical ge- 
lation concentration of 10 g/L for this molecular weight 
and solvent.' 

The effect of molecular weight on the modulus is shown 
in Figure 4, where values for six molecular weights at  a 
concentration of 200 g/L are plotted as a function of 
temperature. Again, the modulus was measured by the 
single-point method. Qualitatively the curves have the 
same shape as in Figure 3 and the effect of decreasing 
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Table I 
Comparison of TgeI Values 

MW X concn, g/L Tgelt(l OC Tgel,* "C 
900 200 -5 +15 
500 200 -10 0 

100 -15 -18 
50 -20 -24 
25 -27 -30 
12.5 -37 -42 

100 200 -12 -12 
100 -32 -32 
50 -52 -54 

35 200 -18 -14 
100 -66 -4- 
50 -90 -92 

17.5 200 -20 -17 
100 -65 -60 

5 200 -23 -21 
2 200 no gel no gel 

a Extrapolated value from modules-temperature curves. * Values 
from Tan et  al.' 

molecular weight is similar to decreasing concentration. 
However, molecular weights of 35 000 and higher exhibit 
virtually the same low-temperature plateau modulus. 

Discussion 
Tan and co-workers' concluded that gelation of aPS in 

CS2 is not a glass transition phenomenon but related to 
a T > T process. Boyer and co-workers4 recently reexa- 
mined t8e data of Tan et al. and suggested a direct cor- 
relation between Tgel and the fusion flow temperature (Tf)  
observed in polymer melts.g In a qualitative manner, our 
results reinforce the ideas proposed by Boyer et al. re- 
garding the similarity between the gel state of aPS solu- 
tions and the rubbery plateau above the softening tem- 
perature. Specifically, we observed a temperature range 
over which the gel modulus is constant and apparently 
independent of frequency or rate.5 The width of the de- 
finable plateau depends on molecular weight, and, like the 
rubbery plateau, as the molecular weight increases, the 
temperature range becomes broader. I t  follows that the 
mechanism of gelation may be similar to that which de- 
scribes the rubbery plateau as the temperature region, 
above the softening point, over which physical associations 
between chains impart elastic properties to the melt. The 
analogy can be tested by an analysis of the gel modulus 
measurements using formalism that describes the rubbery 
plateau region. For this purpose, superposition of the 
modulus data has been achieved with appropriate shift 
factors for temperature, concentration, and molecular 
weight. 

All gels exhibit the same limiting modulus at Tgel and 
this was chosen as a reference temperature. Values of Tgel 
were obtained by extrapolation of the modulus-tempera- 
ture curves in Figures 3 and 4 to zero modulus. As shown 
in Table I, these values correspond with Tgel values ob- 
tained by Tan and co-workers1 except for the highest 
concentration and molecular weight solutions. These so- 
lutions were the most viscous, which appears to influence 
the experimental determination of Tgel. The reduced 
temperature is defined as 

Tr = T/Tge1 (2) 

where Tgel is the extrapolated gelation temperature. 
The relationship between modulus and concentration 

is examined in Figure 5, where log G vs. log concentration 
(C) is plotted. The modulus values were obtained from 
the modulus-temperature curves in Figure 3 a t  four re- 
duced temperatures, including both the rapid rise and 

1 2 
LOG C g / l  

Figure 5. Relationship between modulus and concentration for 
500 000-MW aPS at four reduced temperatures. 

Table I1 
Values of the Concentration Shift Factor 

concn, a/L ( P l C ) 2  

1040 (bulk) 1.00 
200 27.0 
100 108 
50 432 
25 1730 
12.5 6920 

Table I11 
Plateau Modulus Values and the Molecular Weight Shift 

Factor, b ,  Measured at T. = 0.7 and c = 200 g/L 
MW x 10-3 G, kPa b 

900 120 1.00 
500 110 1.09 
100 101 1.19 
35 89 1.35 
17.5 60 2.00 
5 3 40.0 

plateau regimes. The slope of 2 defines a squared de- 
pendency of modulus on concentration over the entire 
temperature range. Numerous examples of this depen- 
dency have been observed for plasticized polymers in the 
rubbery plateau regime and for other thermoreversible 
polymer gels.1°-13 

Modulus values are shifted by a factor 

( P / C I 2  (3) 
where p is the polymer density.14 Values of this factor at 
several concentrations are listed in Table I1 to show that 
very large shift factors are necessary for the lowest con- 
centrations. The same values were used for all molecular 
weights. 

The dependence of modulus on molecular weight was 
evaluated empirically from the modulus-temperature 
curves in Figure 4. The plateau modulus value for each 
molecular weight was shifted by a factor b to coincide with 
the plateau value for the highest molecular weight 
(900000). The shift factor b is defined as 

b = G o / G  (4) 
where Go is the plateau modulus for 900000-MW aPS. 
The same value of b, given in Table 111, was used for all 
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' I  CS, GELS 1 Table V 
Effect of Concentration on the Plateau M a  Values 

Measured at T, = 0.74 for 500000-MW aPS Gels 
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Figure 6. Master curve of all aPS/CS2 gel modulus temperature 
data. Concentrations and molecular weights examined are given 
in Table I. 

Table IV 
Effect of Molecular Weight on the Plateau M ,  Values 

Measured at T. = 0.74 for 200 g/L aPS Gels 
MW x 10-3 M ,  x 10-3 

900 2.6 
500 2.8 
100 2.8 
35 2.8 
17.5 3.2 
5 2.4 

concentrations of a given molecular weight. 
The shift factors defined above were used to construct 

a master curve of all the modulus-temperature data. The 
effective modulus, G,, is defined as 

G, = G(p/c)'b (5) 

where G is the observed modulus. In Figure 6 is plotted 
log G, as a function of log T,. This master curve represents 
the modulus-temperature relationship for gels of 
900000-MW aPS with no solvent. The plateau modulus 
of 3 X lo6 Pa  is close to the lo5 to lo6 Pa  range for aPS 
in the rubbery plateau region15 and is significantly below 
the lo9 Pa  modulus of aPS in the glassy state.16 

For an ideal rubber the modulus should depend only on 
the molecular weight of the chain between junctions, which 
for gels is the molecular weight Ma between the associa- 
tions that constitute the junctions, and should only be 
affected by the molecular weight of the initially un- 
cross-linked chain (M) in as far as there are free chain ends 
that do not contribute to the network. Consequently, the 
shift factor b should be an expression of this free chain end 
effect. It follows that b should be increasing for decreasing 
M because the unjoined end portion of the chain becomes 
a larger fraction of the total material. This in fact is the 
trend displayed by Table 111. 

In what follows we shall test the above using first the 
simplest expression for the modulus in the theory of rubber 
e la~t ic i ty '~  

Ma 

If eq 6 is obeyed, Ma should be independent of M and the 
chain-end correction factor (1 - 2Ma/M) should be 
equivalent to the inverse of the shift factor b. Table IV 
shows that Ma is indeed largely invariant with M for a T,  
value corresponding to the plateau region except for the 
lowest M values. Since the average value of 2700 is con- 

concn, g /L  M ,  x 10-3 

200 
100 
50 
25 
12.5 

2.8 
6.7 
8.5 

18.2 
30.9 

Table VI 
Comparison of the Modulus Correction Factors 

MW x 10-3 b-' (1 - 2MJM) Y" 
900 1.00 0.994 0.989 
500 0.92 0.989 0.980 
100 0.84 0.946 0.900 
35 0.74 0.845 0.715 
17.5 0.50 0.691 0.475 
5 0.025 -0.080 0.104 

"Evaluated for M,' = 5000. 
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Figure 7. Effect of temperature on Ma for six aPS gels of different 
molecular weights at a concentration of 200 g/L. 

siderably smaller than the calculated entanglement mo- 
lecular weight of 175 000 for this concentration4 it is ap- 
parent that the physical associations that form the gel 
network are not entanglements. The calculation of Ma also 
suggests a lower molecular weight limit for gelation of aPS 
and this was subsequently confirmed by our observation 
that a 200 g/L solution of 2000-MW aPS did not form a 
gel when cooled to -100 "C. The effect of concentration 
on the low-temperature plateau value of Ma is given in 
Table V and shows the expected inverse proportionality. 

The temperature dependence of Ma determined in this 
way is plotted in Figure 7. For all but the lowest M's, Ma 
increases rapidly with T. This of course is a direct re- 
flection of the rapidly decreasing modulus. In terms of 
rubber theory it would correspond to the gradual melting 
out of associations, leaving behind increasingly larger 
network chains, for which Figure 7 provides a quantitative 
estimate. Also the data for the different M ' s  superpose 
as they should if Ma is independent of molecular weight. 
The worsening fit for the lower M ' s  arises from the in- 
creasing inapplicability of the chain-end correction in eq 
6. 

The last point is brought out by Table VI, which sug- 
gests that the molecular weight dependence is more com- 
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plex than represented by eq 6, which simply considers two 
free ends for each initially unlinked chain. In what follows 
this molecular weight dependence will be refined through 
a statisticaI approach taking account of the amount of 
polymer not forming part of the gel network. 

The model is given below. Molecules with zero or one 
association do not contribute to the network modulus. 
Molecules with two or more associations do contribute 
except for the two ends of such molecules. With n asso- 
ciations, there are n + 1 sections on a molecule and n - 
1 of these are part of the network. This approach, using 
the hypothesis of random placement of associations along 
the chain, follows Poisson statistics. The fraction of 
polymer mass for monodisperse polymer that does not 
participate in the network (F) can be written as 

- a n  2 F = e-a(l + a) + e-'X- - 
2n!  n + l  (7) 

where a = M/M,', the average number of associations in 
the molecule of molecular weight M. Equation 7 can be 
readily summed. The fraction of polymer mass that is part 
of the network, y, is then expressed in eq 8. When the 

y = 1 - 2 / a  + e-a(l + 2/a) (8) 

statistical approach is compared to the average approach 
in its correlation with b-l, Table VI, the statistical approach 
is significantly better. The best correlation between y and 
b-' was found with M,' E 5000. This low-temperature 
plateau value of M,' is quite different from the value of 
M a  found with the average approach (2700). Calculated 
values of G (eq 6) using M,' would be about half of the 
measured ones. 

The discrepancy between Ma and M,' may be a result 
of the simplistic assumption that the gel network structure 
is the same as in cross-linked rubbers. The structure of 
gels is not necessarily homogeneous and may contain in- 
terconnected micellar  region^.^ These may act as high- 
functionality junction points that do not contribute to the 
deformation of the network. This is similar to the effect 
of polystyrene domains in thermoplastic elastomers and 
crystallites in polyurethanes."J8 In these materials, pla- 
teau modulus values are higher than predicted and the 
segmental length may be underestimated by a factor of 

The modulus expression (eq 6) was modified for the 
discrepancy between Ma and M,' by addition of a factor 
of 2 and the chain-end correction was replaced by y (eq 
8) to give 

2-4.l' 

G = 2cRTy/M,' (9) 

Values of M,' were determined from the modulus data for 
gels of six molecular weights at 200 g/L concentration and 
are plotted as a function of temperature in Figure 8. 
Comparison to the Ma data in Figure 7 shows that much 
better superposition is achieved with M,', particularly in 
the region of Tgel, even if some discrepancy for the material 
with the lowest M still remains. The values of M,' are 
always higher than Ma, and M,' may exceed the molecular 
weight of the polymer. Some fraction of the polymer mass 
is not incorporated into the gel network and may be con- 
sidered sol; this is in accord with the assumptions of the 
statistical approach. 

Conclusions 
1. The present results thus reveal that the aPS gels in 

this study display rubber elastic properties in all those 
respects that have here been examined. This includes the 
existence of the "rubbery" plateau in the modulus. 

Mechanical Properties of Atactic Polystyrene Gels 121 1 

5.5 6'01 
3.5 -I 1 1 1 

-100 - 8 0  - 6 0  - 4 0  -20 0 
TEMPERATURE " c  

Figure 8. Effect of temperature on M,' for six aPS gels of 
different molecular weights at a concentration of 200 g/L. 

2. The modulus values scale with the square of the 
concentration and show a dependence on the initial un- 
joined molecular weight such as can be attributed to free 
chain ends for all except the shortest chains. This corre- 
spondence to rubber elasticity is not altogether unexpected 
if one recalls that traditionally the network theories are 
tested on swollen rubbers that are in fact equivalent to our 
gels except for the permanence of the junctions, the 
function of the swelling medium being to reduce interchain 
interactions, which thus allows the entropic behavior of 
the individual chains to prevail. The present results 
therefore encourage further measurements on thermo- 
reversible aPS gels along the lines adopted in conventional 
rubbers. 

3. Beyond demonstrating consistency with rubber elastic 
network behavior, possibly the most significant conclusion 
is the estimate of the molecular weight of chain segments 
between the junctions based on rubber theory. Even if 
there is a factor of 2 difference (2700 vs. 5000) between 
values obtained by the conventional and a new more re- 
fined approach for the chain-end corrections, these values 
provide pointers to the nature of the junctions: they ex- 
clude the possibility of conventional entanglements, sug- 
gesting specific physical associations. 

Acknowledgment. The modulus measurements were 
carried out a t  the University of Bristol, and the assistance 
and cooperation of the Department of Physics staff is 
deeply appreciated. The generous financial support of the 
NSF Polymer Program (Grant DMR81-13455) and the 
Center for Applied Polymer Research (Grant ISI-16103) 
is gratefully acknowledged. 

References and Notes 

Registry No. aPS (homopolymer), 9003-53-6. 

(1) Tan, H.; Moet A.; Hiltner, A.; Baer, E. Macromolecules 1983, 
16, 28. 

(2) Keller, A. In "Structure-Property Relationships of Polymeric 
Solids"; Hiltner, A., Ed; Plenum Press: New York 1983; p 25. 

(3) Wellinghoff, S. T.; Shaw, J.; Baer, E. Macromolecules 1979, 12, 
932. 

(4) Boyer, R. F.; Baer, E.; Hiltner, A. Macromolecules 1985, 18, 
427. 

( 5 )  Clark, J.; Wellinghoff, S. T.; and Miller, W. G.  Polym. Prep. 
(Am. Chem. SOC., Diu. Polym. Chem.) 1983, 24 (2), 86. 

(6) Kelly, A. "Strong Solids"; Oxford Clarendon Press: London, 
1973. 

(7) Shepard, S. E.; Sweet, S. S. J .  Am. Chem. SOC. 1921, 43, 539. 



1212 Macromolecules 1986, 19, 1212-1217 

(8) Hastewell, L. J.; Roscoe, R. Brit. J .  Appl. Phys. 1956, 7, 441. 
(9) Lobanov, A. M.; Frenkel, S. Ya. Russ. J .  Polym. Sci. 1980,22, 

1150. 
(10) Masuda, T.; Toda, N.; Ato, Y.; Onogi, S. Polym. J .  (Tokyo) 

1972, 3, 315. 
(11) Nemoto, N.; Ogwa, T.; Odani, H.; Kurata, M. Macromolecules 

1972, 5, 641. 
(12) Ninomiya, K.; Ferry, J. D.; Oyanagi, Y. J.  Phys. Chem. 1963, 

(14) Ferry, J. D. “Viscoelastic Properties of Polymers”; Wiley: New 

(15) Aklonis, J.; Tobolsky, A. V. J .  Appl. Phys. 1965, 36, 3483. 
(16) Tobolsky, A. V. “Properties and Structure of Polymers”; Wiley: 

New York, 1960. 
(17) Fedors, R. F. J.  Polym. Sci., Part C 1969, No. 26, 189. 
(18) Cooper, S.; Tobolsky, A. V. Rubber Chem. Technol. 1967,40, 

1105. 

York, 1980. 

- -  
67, 2297. 

(13) Ferry, J. D. J .  Am. Chem. SOC. 1948, 70, 2244. 
(19) Holden, G.; Bishop, E. T.; Legge, N. R. J .  Polym. Sei., 1969, 

No. 26, 37. 

Correctly Averaged Non-Gaussian Theory of Rubberlike 
Elasticity. Application to the Description of the Behavior of 
Poly(dimethylsi1oxane) Bimodal Networks 

Carlos Menduifia and Juan J. Freire* 
Departamento d e  Quimica Fisica, Facultad de Ciencias Quimicas, Uniuersidad 
Complutense, 28040 Madrid, Spain 

Miguel A. Llorente 
Departamento de Quimica General y Macromoltculas, Facultad de Ciencias, Uniuersidad 
Nacional de Educacidn a Distancia (UNED),  28040 Madrid, Spain 

Thomas Vilgist 
Cauendish Laboratory, Cambridge CB3 OHE, England, U.K. Received September 10, 1985 

ABSTRACT: A new theoretical relationship between the rubberlike elasticity of a polymer network and the 
distribution of the vector connecting junction points (or the end-to-end vector distribution function of the 
chain joining two of these points) is presented. In this approach the free energy of the chains is correctly 
averaged over the network structure, a difference with respect to older treatments in which a preaveraged 
deformation dependence is considered. The new theory and a slight modification in the previous procedure 
to analyze bimodal network data lead to a more satisfactory explanation of these data (presenting a pronounced 
upturn for high extensibilities due to non-Gaussian effects) in terms of molecular magnitudes. 

Introduction 
In a recent work,l some of us presented a method to 

relate the elastomeric properties of polymer networks with 
the chain length distribution. This method makes use of 
an analytical form for the end-to-end distance distribution 
function, F(R),  or the spherically symmetric part of the 
end-to-end vector distribution function, F(R), in terms of 
coefficients determined by inference from the even mo- 
ments (R2P) .  (R represents the vector joining two con- 
nected junction points in the network structure, referred 
to a local system associated to the chain joining these 
points, and the broken brackets represent both orienta- 
tional and conformational average with respect to an ex- 
ternal system or the network structure.) Simultaneously, 
Mark and Curro2q3 published a series of papers in which 
they approach the same problem through Monte Carlo 
generated distribution functions. Both types of theoretical 
calculations have an obvious experimental reference: the 
data corresponding to bimodal networks composed by 
short and long chains, for which an important deviation 
with respect to the behavior associated to a simple 
Gaussian distribution is clearly observed at  high elonga- 
t i o n ~ , ~ , ~  so that a pronounced upturn in the stress-strain 
curves is shown, due to the limited flexibility of the short 
chains. However, the agreement between numerical cal- 
culations based in non-Gaussian theories and experimental 
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data is only qualitative. In our opinion, there are two main 
problems from which the quantitative discrepancies may 
arise: 

First, the theoretical relationship between elastic forces 
and distribution functions proposed in previous 
is based in an expression for the free energy in terms of 
the preaveraged end-to-end vector of the chain connecting 
two junction points 

(1) 

where F(R) is the actual distribution function of the fixed 
end-to-end points (cross-links). a is the deformation 
tensor. For practical purposes (see the next section) we 
define the radial distribution function in the usual manner 

A ( a )  = -kBT In F [  ( ((Y.R)’)’/~] 

W(R) = 47rR2F(R) (2) 

The argument in the distribution function in eq 1 is the 
deformed and averaged end-to-end vector 

3 3 

i= l  i = l  
((wR)’) = Cai2(Ri2) = ( ( R 2 ) / 3 ) C ~ i 2  (3) 

which gives the characteristic deformation dependence. 
If F(R) is a simple Gaussian function of R, we find from 

eq 1 and 3 the free energy for the Gaussian network A 
= (1/2)kBTC?=, a?. (If we would have allowed the 
cross-links to fluctuate in the James and Guth sense the 
only change would be a factor l/z in the modulus.) 

However the correct expression for the free energy is6 
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